Abstract. In this paper a perturbed version of the Median Principle introduced by the author in [1] is developed. Applications for various RiemannStieltjes integral and Lebesgue integral inequalities are also provided.
Introduction
In Analytic Inequalities Theory, there are many results involving the sup-norm of a function or of its derivative. To give only two examples, we recall the Ostrowski inequality: As pointed out in [1] , it is natural, therefore, to try to establish inequalities where instead of f . In order to address this problem, the author has stated in [1] the "Median Principle" that can be formalised as follows:
Theorem 1 (Median Principle). Let P • n be the class of polynomials P n |P n (x) = x n + a 1 x n−1 + · · · + a n−1 x + a n , a i ∈ R, i = 1, n and f : [a, b] ⊂ R → R be a function so that f (n−1) is absolutely continuous and
Assume that the following inequality holds:
where
is absolutely continuous and
where γ, Γ are real numbers, then
In order to exemplify the above principle, the author has given various examples classified as "inequalities of the 0 th −degree", "1 st −degree" and, in general, "n th −degree", where n is the maximal order of the derivative involved in the original inequality. To motivate our further exploration, we mention here only some results from the class of "0 th −degree" and for the Riemann-Stieltjes integral as follows:
Theorem 2. Let f : [a, b] → R be a continuous function with the property that
and u a function of bounded variation such that u (a) = u (b) . Then
The constant 
The constant 1 2 is sharp in (1.8). As a corollary of the above, we stated in [1] that the following Grüss type inequality obtained in [2] can be stated: Corollary 1. Let f, g be continuous on [a, b] , f satisfies (1.5) and u is of bounded variation and such that u (b) = u (a) . Then
The constant 1 2 is best possible in (1.9).
A Perturbed Version of the Median Principle
For two real numbers δ, ∆ ∈ R with ∆ = δ, we consider the set of all functions f, g : [a, b] → R given by:
We observe, for instance, if ∆ > δ and
or, equivalently, the condition:
Moreover, if we assume that g (x) > 0 for any x ∈ [a, b] , then the condition (2.3) is equivalent with
In practical application, the assumptions (2.3) or (2.4) are natural to impose. However, for the sake of generality, we consider, in the following, the class M [a,b] (δ, ∆) which is larger and can be extended to the complex case as well.
We are able now to state a perturbed version for the Median Principle of 0 th −degree:
where If f, g are such that f (n−1) , g (n−1) are absolutely continuous and
which implies, by making use of (2.5)
Further, by utilising the monotonicity property of R (·; a, b) and (2.7) we deduce the desired result (2.6).
Some Examples for 0 th −Degree Inequalities
The main aim of the results obtained below are to provide various examples for how the above principle can be utilised in practice in order to derive inequalities when the upper bounds are expressed in terms of the difference between the supremum and the infimum of a function. These inequalites are called the "0 th −degree" inequalities.
The following result concerning the Riemann-Stieltjes integral holds. p (x) dv (x) exists and p (x) dv (x) obviously exists and 
Now, on applying Lemma 1 for these two inequalities we obtain the desired results.
To prove the sharpness of the inequalities in (3.1), we assume, for instance, that
In this situation, the inequality (3.1) is obviously equivalent with
which are obviously sharp inequalities.
The above result has many particular instances of interest.
Corollary 2. Let f : [a, b]
→ R be such that there exist the constants M > m with
Another simple result is the following one.
Corollary 3. Assume that there exist the constants l, L such that:
Proof. The condition (3.7) obviously implies that
If we fix x ∈ [a, b] and apply Theorem 4 for f x (t) = f (t) − f (x) , g x (t) = t − x and δ = γ, ∆ = Γ, we get
since, a simple integration by parts shows that
On the other hand,
which, together with (3.9) produces the desired result (3.8).
for any x, t ∈ [a, b] with t = x, and the inequality (3.8) holds true for these γ and Γ.
The following result may be stated as well:
Corollary 4. Assume that there exists the constants γ, Γ so that:
Proof. Follows by applying Theorem 4 for δ = γ, ∆ = Γ and g x (t) = |t − x| α with x fixed in [a, b] . The details are omitted.
Remark 2. The above result contains some cases of interest, for instance when
To be more specific, we choose only one case to exemplify. Let us assume that there exist φ, Φ ∈ R such that
, where α > 0 is given. Then
The following result can be stated as well.
Corollary 5. Assume that there exist the constants n, N ∈ R such that:
4. Inequalities of the 1 st −Degree
An inequality that contains at most the first derivative of the involved functions will be called an inequality of the 1 st −degree. If one would like examples of such inequalities for two functions, the following Ostrowski's inequality obtained in [3] is the most suitable
where C (h, l; a, b) is theČebyšev functional given by Similar results can be obtained for other inequalities involving the derivatives up to an order n ≥ 1. However, the details are left to the interested reader.
